ABSTRACT. We consider Weil-Petersson type incomplete metrics on orientable surfaces of finite type. We analyse cusp excursions of random geodesics proving bounds for maximal excursions.
INTRODUCTION
Let S be an orientable surface of finite type with cusps. Suppose S is endowed with a "WeilPetersson" type metric: a negatively curved Riemannian metric which in neighbourhood of each cusp is asymptotically modelled on a surface of revolution obtained by rotating the curve y = x r for some r > 2 about the X-axis in R 3 (where r may depend on the puncture). An example is the Weil-Petersson metric on the modular surface H 2 /SL(2, Z) whose cusp neighbourhood is asymptotically modelled on the surface of revolution of y = x 3 . We will state the precise hypothesis on the metric in due course.
Pollicott-Weiss showed that the geodesic flow for a Weil-Petersson type metrics is ergodic [4, Theorem 5.1] . In more recent work, Burns-Masur-Matheus-Wilkinson show that the geodesic flow for Weil-Petersson type metrics is exponentially mixing [1, Theorem 1] . In this article, we analyse cusp excursions of random geodesics proving bounds for "maximal" excursions, a specific example of a shrinking target result. Other well known examples of such results include the logarithm law of Sullivan for a hyperbolic metric on S [5, Theorem 2], the logarithm law of Kleinbock-Margulis on homogenous spaces [2] and the logarithm law of Masur for moduli spaces of Riemann surfaces [3] .
1.1. Weil-Petersson metrics. We recall some facts about the metric on a surface of revolution R for y = x r for r > 2. The surface R carries a negatively curved, incomplete Riemannian metric. Let δ : R → R 0 denote the Riemannian distance to the cusp. The Gaussian curvature at p ∈ R has the following asymptotic expansion in δ as δ → 0:
We consider negatively curved Riemannian metrics on S that have singularities of the above form. Let X be a closed orientable surface and let {p 1 , . . . , p k } be a collection of distinct points in X. A Weil-Petersson type metric ρ is a C 5 , negatively curved Riemannian metric carried by the punctured surface S = X \ {p 1 , . . . , p k } such that
(1) the metric ρ extends to a complete metric on X, (2) the metric ρ lifts to a geodesically convex metric on the universal cover of S, and (3) if δ j : S → R + is the distance to p j then there exists r 1 , . . . , r k > 0 such that the Gaussian curvature satisfies
Proof. We write
By g t -invariance of µ, we get
The exponential decay of correlations (2.1) implies that
This proves the lemma.
2.3.
Effective ergodic theorem for fast mixing flows. Suppose that g t is an exponentially mixing flow on (Y, µ) satisfying (2.1). Fix 1/2 < α < 1 and denote
Theorem 2.4. Given m > 1, a function n : R → N such that n(T) = n(T k ) for each T k T < T k+1 , and a sequence { f j } j∈N ⊂ B of non-negative functions, we have for µ-almost every y ∈ Y that
for all T sufficiently large (depending on y).
Therefore,
By setting R = T 2α f 2 B , we obtain
Consider the sequence { f j } j∈N ⊂ B and let F j := f j − Y f j dµ. From the estimate (2.5) with T = T k and F = F n(T k ) , and T = T k+1 and F = F n(T k ) , we get
By the Borel Cantelli lemma, the summability of the series
for all k sufficiently large (depending on y).
On the other hand, the non-negativity of the functions f j says that
It follows from this discussion that for µ-almost every y ∈ Y and all k sufficiently large (depending on y)
for all T sufficiently large (depending on y and m > 1). This proves the theorem.
CUSP GEOMETRY
For the sake of expositional simplicity, we will focus on a single cusp neighbourhood and drop the index in the notation. Here, we will recall from [1] properties of Weil-Petersson type metrics that we need to use. The main focus will be commonalities with surfaces of revolution.
3.1. Local co-ordinates near cusps. Let W be the surface of revolution for y = x r with r > 2. In R 3 , the surface W inherits the co-ordinates
If δ denotes the distance to the cusp (0, 0, 0) on W then δ(x, τ) = x + o(x) and the curvature estimate (1.2) holds. Here are some other properties (1) The area of the region δ B as B → 0 is 2π
If we let (δ 0 ) be the length of the curve given by setting δ = δ 0 then the constant 2π here can be interpreted as the ratio (γ 0 )/γ r 0 when γ 0 = 1. (2) Clairaut integral: Let γ t be a geodesic segment in W and let ψ t be the angle betweenγ t and the foliation given by τ = const.. Then γ t → x(γ t ) r sin ψ t is a constant function. A Weil-Petersson type metric on S satisfies analogues of the above properties in neighbourhoods of the cusps. As stated before, we will focus on a single cusp neighbourhood and drop the subscript from the notation for the cusp, we will regard the neighbourhood as defined by δ δ 0 , where δ is the distance to the cusp. For 0 < B δ 0 , let D * (B) be given by δ B. Then, the volume of the region D * (B) satisfies [1, Section 3.1]
which is an exact analogue for the area term for a surface of revolution.
To get an analogue of the Clairaut integral, we need a cuspidal angular function that is the analogue of sin θ above. Let J : T 1 S → T 1 S be the almost complex structure compatible with the metric. For a point p in the cusp neighbourhood, let V ∈ T 1 p S be ∇δ.
The functions a and b are the analogues of the functions cos ψ and sin ψ that appears in the Clairaut integral. We first reproduce from [1] properties of the various quantities that we will need in our analysis. 
In particular, the convexity implies 
4. EXCURSIONS 4.1. Initial positions for excursions. Choose and we fix δ 0 small enough such that the collar C given by δ ∈ (δ 0 − d, δ 0 + d) is contained in the cusp neighbourhood. Given a parameter R, we set
for some time 0 t a where a = a(r) depends only on r.
Proof. By the quasi-Clairaut relations,
Note that δ(φ t (v)) is minimised when b(φ t (v)) is maximised and is roughly 1. At this instant t 0
By Corollary 3.4, we have t 0 2δ 0 finishing the proof of the proposition.
Smooth approximations of characteristic functions.
Let p be a smooth non-negative bump function that is 1
10. Similarly, let q R be a smooth non-negative bump function that is equal to 1 on b(v) 1/2R and supported on b(v) 1/R such that q R C 1 3R. The non-negative function
is a smooth approximation of the characteristic function of X R . Note that (1) f R is supported on X R and (2) there exists a constant h = h(r) > 1 depending only on r such that −1) ). The effective ergodic theorem (cf. Theorem 2.4) applied to the functions f R introduced in the previous subsection says that, for µ-almost every v ∈ X and all T sufficiently large (depending on v and r > 2), Proof. Let ξ > 0 and β > 0 be parameters to be chosen later, and denote T k = k β .
By the convexity of the distance δ to the cusp i.e., by Lemma 3.3, we see that if
Since the Liouville measure µ is φ t -invariant we deduce that
for all j. Because we need ∼ T 1+ξ k indices j to cover the time interval [0, T k ], we obtain that
We want to study the set
), we just need to compute µ(C k ). To compute this we observe that then for µ-almost every v ∈ T 1 S, the distance to the cusp satisfies δ(φ t (v)) > T −ξ for all t ∈ [0, T] and all T sufficiently large (depending on v). This ends the proof of the theorem: in fact, by letting β → ∞, we can take ξ > 1/r arbitrarily close to 1/r in the previous paragraph.
